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Effect of size polydispersity on granular materials
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We present particle dynamics simulations on fluidization of vertically vibrated granular beds where solidlike
and fluidlike domains appear spontaneously. The existence of polydispersity in granular size significantly alters
where the boundary between solidlike and fluidlike regions appears. A threshold value of polydispgrsity
exists above which the system becomes insensitive to the change in the degree of polydispersity. The value of
o Shows good agreement with the critical polydispersity reported on the solid-fluid phase transition in
thermodynamic hard-core systems. The present result implies that the existence of polydispersity is crucial in
some granular systemsS1063-651X96)06608-1]

PACS numbdps): 46.10+2z, 64.70.Dv, 81.05.Rm

[. INTRODUCTION In addition, it has been revealed that the profile of the kinetic
energy per particleE, peaks at an intermediate height
Granular materials often comprise a state with characterhp,. At bed heightsh<<hp,, granules show solidlike be-
istics of both solids and fluidsl]. Especially, when granules havior since they are highly packed. In this regidy, in-
are subjected to vibration many interesting phenomena aereases along with the bed heidihash increases the density
pear, such as heap formati¢®], convection[3], and size becomes lower and the particles become easier to move. At
segregatiorf4]. Except for the studies on size segregation,h>h.,, the behavior of the bed shows different properties
theoretical investigations to date mainly treat monodispersg wave propagation. This region can be interpreted as a fluid
systems despite the fact that materials in experimental stughase of the granules. The valueEf goes through a mini-
ies are inevitably polydispersed in granular size. To investimum at the bed surface whereupon the valug,pincreases
gate the effect of polydispersity on fluidization of granulesdrastically since the granules are bouncing freely on the top
also have a strong implication in industry since vibrated bedsf the bed. The spontaneous appearance of the solidlike and
are widely used in powder processing as a means of fluidizfiuidlike regions in these vibrated granules can be interpreted
ing and mixing granular materials. as a solid-fluid phase transition controlled by the local den-
Granules are generally treated theoretically as particlesity of the granules.
with contacting interaction and energy dissipation through Since it was found that the size polydispersity has a no-
friction. When the energy dissipation is negligible, theoreti-table effect on thermal hard-core syste@§ it is speculated
cal treatment in statistical mechanics and thermodynamicghat the polydispersity also has an effect on the dynamic
should, in principle, give a good description of their motion characteristics of granular systems. However, most of the
and behavior. However, to apply methods of statistical phystheoretical studies on vibrated beds to date treat monodis-
ics to granular materials have been a challenging subject bgerse systems which might not give a good description of
cause of their shared properties of solids and fluids:regiongolydisperse systems. Here, we investigate the effect of size
where local density is low behave like fluids while high den-polydispersity in vertically vibrated granular beds consisting
sity domains behave like solids. of large and small particles of the same fraction. We show
On the other hand, it is well known that systems of mono-that the existence of polydispersity in granular size signifi-
disperse hard-core particles exhibit thermodynamic fluidcantly alters the height profile &, and the position where
solid transition with a coexistence region of two states inthe boundary between the solid and fluidlike regions sponta-
betweer{5]. In these hard-core systems, the phase diagram ifeously appear. Concerning the effect of polydispersity, a
dependent solely on density because hard-core potential oniyear analogy exists between this boundary in vibrated
has two states with energy of zero or infinity. The temperagranular beds and the characteristics of solid-fluid phase
ture dependence only enters the partition function of thesgansition in hard-core systems under thermal equilibrium.
systems through the kinetic energy distribution.
Observation and comparison of the two systems men-
tioned above lead us to the hypothesis that some behaviors of Il. MODEL
granular systems consisting of particles sufficiently hard
should be understood in an analogical context of thermody- Two dimensional particle dynamics simulations were per-
namic hard-core systeni§]. formed for a model where the particles interact via a pairwise
Simulation studies of monodispersed granules subjecteshort-range repulsive forc;=—dde;;/dr;; and a normal
to vertical vibrations have shown that pressure and densitgissipation forcef; = — ym(vj; - r;;)rj; /|rij|2, wherey is the
waves propagate through the bed towards the bed sUithce dissipation coefficienf7]. The functiong;; takes a form of
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FIG. 1. Snapshots of the bed at=200 for systems of o ° g? 98888454042 8
N=1000, respectively, fors2= (a) 0.0, (b) 0.0025, (c) 0.01, 200F o ¢ 7
(d) 0.0225, ande) 0.04. eett ©
4112 (g6 0 40 80
- - 1]
& (J) _(J) +—:| |f |rij|<l’0, h
bij= ij Fij 4
0 otherwise FIG. 2. Height profile of kinetic energy per particle, of

N=1000 at different times fozr§=(a) 0.0, (b) 0.0025, and(c)
0.0225. Data averaged over ten vibrational cycles are used:
whered;; = (d;+d;)/2 andr,=2"%d;; . The degree of poly- T=0-100), 50-60(x), 100-110¢\), 150~160( ), and 190—
dispersity is expressed b)f the variance of the distribution 200[).
of particle diameters. Two kinds of particles with diameter
(1+0p) and (1—o,) were mixed randomly at the same numberN=500, 700, 1000, and 1400 in a simulation box
fraction, initially. Simulation studies starting from different with a width of 5 have been conducted. We set0.01g.
distribution of particles were conducted. The mass of thelThe system was vibrated for 100 to 800 cycles. The flhie
particles is fixed to unity irrespective of the diameter. Energyexpressed in a unit necessary for one vibration cycle. Snap-
is measured in units af. A periodic boundary condition was shots of system sizh=1000 atT= 200 for different values
imposed in the horizontal direction. Sinusoidal vibrations ofof o3 are shown in Fig. 1.
amplitudeA=3 with vibrational acceleratiolf=3g, where We observe the profile of the kinetic energy per particle
g is the gravitational acceleration, were applied to the sysE,(h;o), which is a function also dependent on the degree of
tem. Simulation studies of systems consisting of particlepolydispersityo?, and analyze how the boundary between
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FIG. 3. Time evolution of kinetic energy per particl, at
h=37.5 fore3=0.0225 andN=1000. Data averaged over ofie- 300 (b) ' ' ' ' !
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A. Dynamics °
(<]

First of all, we investigated the relaxation of the bed 00 g§ 002 2 0.010
through the time evolution of the height profilesiBf. Fig- 83“3' © 0.0 + 0.015
ure 2 shows the time evolution df,(h) of N=1000 for 2§§ = 0.0025 v 0.020
o5= (a) 0.0, (b) 0.0025, andc) 0.0225. Data averaged over 100' . , 00072 ~0.030
ten vibrational cycles are used. The value of each height is a 0 40 80 120
mean value in the area ofX65 around a given height. The h

height profiles peaks at an intermediate height=40),
while the the bed surface lies at abéwt 70. Any systematic
change in the fluctuation or relaxation Bf, has not been
noticed for changingr,.

As an example, we show the time evolution Bf for
05=0.0225 andN= 1000 ath=37.5 where the fluctuation is

FIG. 4. Height profile of kinetic energy per partidg, for (a)
N=1000 averaged oveF=50-200 fora(2,= 0.0(®), 0.0006(),
0.0016(A\), 0.002%closed 1), 0.0030(), 0.004Zclosed A),
0.0056closed < ), 0.0072(0), 0.0081{), 0.04(closedV), 0.0225
(¢), and 0.04(), where best fit curves are drawn f(mf):

large compared t&, at other heights, presumably because it0-Odashed ling 0.0056solid line), and 0.008(dot-dash ling. An

is near the boundary between solid and fluidlike regidtig.

3). The values are an average of ten cycles for the maiﬁrz‘

graph and one cycle for the inset. Figure 3 shows Eais
fluctuating around a certain value®t-20 and it can be said
that E, is stable at 5& T<200.[At the free surface region,
it takes more time T=50) for E, to reach a stable state.
The time scale whereée, is stable is well defined for
05=<0.0225 afT<200.

average value of two independent simulations starting from differ-
t initial configurations are used for al-y’'s except for

05=0.0042, 0.0225, and 0.04average of three independent
simulationg and for 03:0.0016 and 0.0072ingle run.

(b) N=1400 averaged overT=50-100 for a§=
0.0025(7), 0.0072(¢ ), 0.01(A), 0.015closedA), 0.02(V), and
0.03(X).

0.0(0),

creased 7]. When the system size is smalN&500 and

700, the boundary between the solidlike and fluidlike region

B. Kinetic energy profile

become vague and the characteristic behaviors discussed be-

In this subsection we are concerned with the time scalé®W do not appear since the density near the boundary is
whereE, is stable as discussed in the preceding subsectio€low the solid-fluid transition density.

Figure 4 shows the value &, against the bed heiglt for
various polydispersities for two system sizeg N=1000
and (b) N=1400. The height dependence Bf(h;o) is
gualitatively the same for albg’s. From the bottomE,
grows until the peak around=40 (h=50 for N=1400). At

It can be seen from Fig. 4 that wherf<0.0072, the
profile of E, is quantitatively sensitive to-y and the maxi-
mum value ofE shifts toward higher values along with the
increase otry. The value oh whereE, reaches it's maxima
also increases as the value®f increases. Note the drastic

h above the peakE, decays for a while, and beyond the difference inE, for o= 0.0025 and 0.0072.

minimum aroundh=70 (h=95 for N=1400), it increases

Figure 5 shows, versuso at various bed heights f¢a)

again. These three regions are interpreted as the packeN=1000 and(b) N=1400. Each data point for the same
(solid), fluid, and free surface regions, respectively, as aresymbol corresponds to a independent simulation run. Focus-

studied in Ref[7]. These maxima and minima &, will

ing our attention to the fluidlike regiofsymbol @), it can be

become sharp when the height of the granular bed is inelearly seen thaE, is dependent systematically on the poly-
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FIG. 5. The polydispersity dependency Bf for (a) N=1000,
averaged ovelT=50-200 at bed heighte=7.5(0), 22.5(A),
37.5(0), 52.5@), and 87.5K), and for (b) N=1400, averaged
over T=50-100 ath=7.5(1), 27.5(1\), 52.50©), 72.5(@), and
117.5(x).

dispersity whenr3<0.01. For systems af3>0.01, the val-
ues ofo do not have any significant effect & . Depend-
ing on whethelE, is drastically affected by a slight change
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FIG. 6. Bed height dependence @ mean diameted_and(b)
polydispersityo? at T=50-100(x), 150—200¢ ), 250—300@),
and 350-4000) for 0520.0156, and\=1000.

in polydispersity,o is divided into two behaviors, which N=1000 are shown in Figs.(& and Gb), respectively. In-

will be referred to as thensensitiveand sensitivebehaviors

dication of the beginning of the size segregation process,

to polydispersity. The threshold polydispersity is estimatedvhich might influence the polydispersity effect treated in the
to be 03,~0.01 for the present particle model. For systemspreceding subsection, is observed onlyrat350—400. Thus

of og<oyy, the energy profil&, (h; o) depends on the poly-
dispersity, while for systems afy> oyy,, E((h; o) does not
depend on the polydispersity. Similar polydispersity depen-
dence ofE, is recognized near the boundary between the
solidlike and fluidlike regiongsymbolO). Whenh is small
(symbol ) there is also a sharp change in the behavior of
Ey at op<oy,, although the values @&, show the opposite
dependence omry,: E, decreases as increases until it
reaches the value ofy,. In the free surface regiofsymbol

X), whereE, expresses the kinetic energy per particle mov-
ing freely (jJumping out or falling towards the bgda thresh-
old polydispersity does not exist.

C. Size segregation

It has also been studied whether segregation due to the
size difference occurs in these polydispersed systems. Ten-
dency of particle size segregation is observed in some of the
present simulations, however it occurs in a different time
scale compared to the relaxation timelfdiscussed in Sec.

the time scald <200 we use to claim the existence®f, is
free from the effect of size segregation.
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FIG. 7. Bed height dependence of mean diameterat

[l A. As an example, the height profile of the average diam-T:50_1oo(><)’ 200-250@), and 350—400D) for o2=0.04 and
eter d(h) and the polydispersity? for 0,=0.0156 and N=1000.
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Concerning the distribution of different sized particles, an
interesting phenomenon has been observed which can be in- h
terpreted as local size segregation occurring at both the sol-
idlike and fluidlike regions separately at an intermediate time _FIG. 9. Bed height dependence (@ E,, (b) d, and(c) o2 for
scale. Figure 7ShOWS the height dependence of the averaged=0-04 andN=1000, atT= 50-200@), 250-400(]), 450-
diameterd for o2=0.04 andN=1000 atT=50-100, 200— ©600(~), and 650-800).
250, and 350—-400. AT=200-250, there are two regions, o
around an intermediate height and the top of the bed, whergspectively, show the time evolution df ¢?, and E, at
larger particles dominate more than_half of the granules im=237.5 and 52.5 for the same run. Sirlte 37.5 and 52.5
the area. The position of the maximadffh) at the interme- correspond to the maxima and minima df, at
diate bed height is slightly below that Bf, in Fig. 4@). This  T=200-250(Fig. 7), the occurrence of local segregation in
suggests that size segregation occurs at both solidlike arsbth solidlike and fluidlike regions at 150T < 280 is clearly
fluidlike regions of the bed and there exists a barrier at thebserved in Fig. &) and &b). Such clear intercorrelation of
boundary between two regions where larger particles are prehe particle distribution above and below the boundary be-
vented to segregate to the top of the bed. This characteween the solidlike and fluidlike regions does not always
of d(h) having a peak at an intermediate bed height is obappear; however the tendency that smaller particles accumu-
served throughl' =150-300. Figures (&), 8(b), and &c), lates above the boundary at intermediate time scales is gen-
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erally observed. After 300 cycles of vibration, larger par-dispersity was estimated to béz0.00S of the average size,
ticles trapped in the middle of the bed start to penetrate theshereo denotes the standard deviation of the size distribu-
barrier and segregate towards the top of the bed. This procesien function[8]. Above o, the properties of the transition

is recognized by the disappearance of the peak(bj atthe  and of the phase at densities higher than the transition den-
intermediate bed height dt=350—400 in Fig. 7. sity are different from those below,, and show character-

When a system with high polydispersity is subjected toistics of glass transitiof9]. _ N .
vibration for a long time, a clear tendency of size segregation 1N€ existence of the sensitive and insensitive behaviors to
appears. A drastic change in particle distribution will affectPolydispersity in vibrated granules can be understood in the
the profile of E,: the values ofE, drift slowly to higher analogy of the above mentioned behavior of thermodynamic

values as the segregation process advance. Figure 9 ShOWyd—core systems. The value of polydispersity where the

5 . coexistence region in the solid-fluid transition disappears is
(@ Ex, (b) d, and(c) o, versus bed heigltt for system of approximately the same as the threshold value dividing the

2_ _ . .
05=0.04 andN=1000 at dlfferent_ﬂmgs. Each Syme" '€~ sensitive and insensitive behaviors in this study. This coin-
fers to data averaged over 150 wprauonal cycles. Figure Qigence supports our hypothesis concerning the analogy of
clearly shows that as the segregation process advances nular systems with thermodynamic systems. Local size
large local differences in polydispersity appear the values 0fqqreqation effectively decreases the polydispersity and this
Ey will shift towards higher values most drastically near the ¢ presumably the reason why,, concerning the sensitive

boundary of the solidlike and fluidiike regions. and insensitive behaviors is slightly higher thanthe ther-
modynamic prediction along with the effect of the particles
IV. DISCUSSION being softer than the hard-core mod#0].

The effect of polydispersity in granules under continuous W€ have succeeded to observe the effect of polydispersity

vertical vibration has been investigated. The kinetic energy’" gralrlluqu matgrti)alz thr%ugh the kinetic energly prr?file irr:
profile E,(h) relaxes quickly compared to the particle move- vertically vibrated beds. There exists a time scale where the

ment leading to size segregation which makes it possible t inetic energy is stgble W.hiCh is effective in observing how
investigate the effect of polydispersity free from the effect of '€ degree of polydispersity changes the total behavior of the
segregation. A boundary between high and low density dogranules free from the effect of size segregation. There is a

mains, which was observed for monodisperse systems, aflreshold value in polydispersityy, which divides the sen-

pears as well for polydisperse systems. We have shown thaftlVity of the granular bed against the changeon The
there exists a threshold valug,, in polydispersity which analogy between the existence of critical polydispersityn

divides the “sensitive” and “insensitive” behaviors of the thermodynamically equilibrium systems around the solid-
bed: When the polydispersity is undey, the value ofE, is fluid transmon andath, studlled in this paper, su_ggests that
sensitive to a small change in, while o> oy, the change the polyd|sper§|ty effect will appear not only |n_V|brated
in o does not have any significant effect Bj. beds, but a}lso in many other granular systems. It |s_e?<pected
The value ofay, is rather small compared with the ex- that the existence of polydispersity gives an unnegligible ef-

perimentally and industrially relevant values of polydispersi-fem to the behavior of granular systems.
ties. So the present result implies that the introduction of the
polydispersity might be crucial in some theoretical and simu-
lation studies of granular systems since polydispersity can One of the author§K.M.A.) is thankful to Professor T.
modify the behavior of the system quantitatively. Akiyama for his encouragement to pursue the physics of

As mentioned in the introduction, thermodynamic mono-granular materials. The authors would like to thank Hiraku
disperse hard-core particle systems show fluid-solid transiNishimori for stimulating discussions. This work was partly
tion with a coexistence region when the density is controlledsupported by the NestiBcience Promotion Committee. This
[5]. Furthermore, it has been shown that size polydispersityork was initiated at the second workshop on “Various Ap-
changes the feature of the fluid-solid transition under thermgbroaches to Complex Systemd995 held at the Interna-
equilibrium[8]. Introducing small polydispersities into these tional Institute for Advanced Studies in Kyoto. Most simu-
systems shifts the phase transition to higher densities anldtions were made on the Fujitsu VPP500 of the
narrows the coexistence region. Above a critical polydisperSupercomputer Center in the Institute for Solid State Phys-
sity o, the coexistence region vanishes. The critical poly-ics, the University of Tokyo.
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